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Abstract 

We develop integration-by-parts rules for diagrams involving massive scalar propagators in a con- 
stant background electromagnetic field, and use these to show that there is a simple diagrammatic 
interpretation of mass renormalization in the two- loop scalar QED Heisenberg-Euler effective action 
for a general constant background field. This explains why the square of a one- loop term appears in 
the renormalized two-loop Heisenberg-Euler effective action. No integrals need be evaluated, and 
the explicit form of the background field propagators is not needed. This dramatically simplifies 
the computation of the renormalized two- loop effective action for scalar QED, and generalizes a 
previous result obtained for self-dual background fields. 
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I. INTRODUCTION 



Great progress has been made in recent years in cornmiting 



11 



ligher-loop Feynman diagrams 



12| |. A key ingredient of this 



in quantum field theories 
program is the idea of "integration-by-parts" rules, and similar algebraic manipulations, 
which reduce diagrams .0 ..pie. to™. beto.e .,e. need .0 be eval.a.ed WU Ve. 



recently, remarkable recursion formulas have been found relating amplitudes at different loop 
orders in A/" = 4 SYM . On the other hand, a complementary approach to studying such 
amplitudes is to consider their generating function, the effective action. There has also been 
some new progress in recent years in understandin g th e two-loop structure of Heisenberg- 



Euler effective actions, in QED 
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super QED jiol l and super Yang-Mills [20[, with self- 

itudes with any number of 



2l|. For QED in a self-dual 
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dual backgrounds. This effective action generates two-loop amp 
external lines, and definite helicities, in the low momentum limit 
background, a simple recursive relation between one-loop and two-loop was found 
of a form analogous to the amplitude relations in The purpose of this paper is to 

establish a direct connection between the aforementioned advances in higher-loop amplitude 
computations and these advances in effective action computations. Specifically, we derive 
the renormalized two-loop scalar QED effective action using new "integration-by-parts" rules 
valid for massive scalar propagators in a constant electromagnetic background field. We show 
that the identification of the square of a one-loop term in the fully renormalized two-loop 
scalar QED effective action has a natural algebraic origin that does not require evaluation 
of any integrals. The explicit form of the background field propagators is not needed; only 
the equation that they satisfy. This approach has the greatest potential for extending the 
two-loop results to higher loops. At the two-loop level it is considerably sinipler than other 
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direct evaluations of two-loop Heisenberg-Euler effective actions 

It also has the potential to make connection with Kreimer's Hopf algebra approach to 
renormalization of quantum field theory [sij ]. 



II. BACKGROUND FIELD "INTEGRATION-BY- PARTS" RULES 



The "integration-by-parts" method finds algebraic relations between diagrams at different 
loop order, without actually evaluating the diagrams [JJi]. The new relations we find in this 
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paper are for bubble diagrams involving propagators in background fields. The ap pro ach can 
be motivated by similar ideas for bubble diagrams involving free propagators 
simple example involving free propagators occurs in scalar QED, where the two-loop vacuum 
bubble diagram is proportional to the square of the one-loop bubble diagram: 

e4(^)[or. (-) 

We work in d-dimensional Euclidean space with dimensional regularization of diagrams, and 
the solid line denotes a massive scalar propagator, and the wavy line denotes a Feynman 
gauge photon propagator. The important observation is that equation 1)2.11) can be derived 
by purely algebraic means as follows. First, by simple manipulations (valid in dimensional 
regularization 3^) of the integrand, it can be reduced to scalar diagrams: 



(jdp^d^ [-(p - g)2 + 2(p2 + m^) + 2(g2 + m^) - 4m^ 



{p — qY{p^ + m?){q'^ + m? 



e 

" 2" 



+ 2e' 



df^p d'^q 



1 



- 2e^m^ 



(2.2) 



(27r)2<i (p_g)2(p2 + ^2) 

Here the dotted line denotes a massless scalar propagator. The first term has been written 
as the square of a one-loop diagram. The second term vanishes as the integral over q is 
zero. But the third term is apparently still two-loop. However, using integration-by-parts 
manipulations in the following way, this two-loop diagram can also be written as a square 
of a one-loop diagram. We start from an identity valid in dimensional regularization: 
d'^pd'^q d \{p — q)^j. 1 







(27r)2rf dp^ 



{p — qY (p2 -|- m?){q'^ + im?) 



d-2 



p{p - q) 



d^p d'^q 

{2TTy^ [p — qY {p^ + m'^){q'^ + m^) {p — qY {p^ + ni?Y{'f + ^'^) 



(,_3)[ei _[0][o 



(2.3) 



Here we have used the simple identity, 2p ■ {p — q) = {p — qY + ip^ + "^^) — {q^ + rn?), and 

the notation of the sohd dot with a number by a propagator indicates that that propagator 

is raised to that power. Finally, the relation 
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2m2 



{2-d) 



(2.4) 



follows from another integration-by-parts identity: 



. (2.5) 



Combining (|2.3|) and (j2.4|) we find that the two-loop diagram appearing on the RHS of (|2.2p 
is proportional to a one-loop diagram squared: 



1 d-2 



OX (2-6) 



2m? d-?, 
This then proves ()2.1|) . 

We have found analogous algebraic manipulations for the two-loop bubble diagrams for 
scalar QED in a general constant background electromagnetic field. The presence of the 
background field has two effects. First, it modifies the scalar propagator. In fact, our 
manipulations do not rely on using the explicit form of the scalar propagator in such a 



background (even though such an expression is well known j33|, |3J, |35|). Instead, we only 
use the equation satisfied by this propagator, the background field Klein-Gordon equation, 
which in momentum space reads: 

(p2 + m2)G(p) = l + ^F^„F,„^^ . (2.7) 

This simplifies the analysis and has the greatest potential for extending the two-loop results 
to higher loops. 

The second consequence of the background field is that it modifies the vertices, since 
Pfj. ^ P/i — Ftiy-^- Therefore, the two- loop bubble diagram is 



Here we introduce the notation that the double line denotes the propagator in the back- 
ground field. By integration by parts, we can move both derivative operators (symmetrically) 
onto a single G propagator, and then use the propagator Klein-Gordon equation ()2.7|1 to 
yield 




T / { (P + + 2(/ + m^) + 2(g^ + m^) } G{p)G{q) . (2.9) 



Motivated by the free-propagator identity ()2.1|) . we write (p + g)^ as: 
+ = ijZ^ (P - g)' + 2 |(/ + m") + (g2 + m") - 27X1^ - ] {p - qf \ (2.10) 



Therefore, 
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2 f d — 2 



(2.11) 

G{p)G{q) 



Notice that in the absence of the background field, G ^ Gq, the second term vanishes by 
p.6|l . and so we recover the free scalar field result p.l|l . 

The bare two-loop effective action is given by the difference of the two-loop bubble dia- 
grams with and without the background field. Combining 1)2.11) and 1)2.11)) we obtain 




d- 1 
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d'^pd'^q { 2 




(2.12) 



Now recall that in free scalar QED the one-loop mass renormalization shift is given by a 
diagram that can also be manipulated algebraically to the form 

'd-V 



Sm 
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(2.13) 



Note the same dimension dependent numerical coefficient in ()2.1)) and 1)2.13)1 . 

Thus, consider the first two terms on the RHS of ()2.12)1 . and complete the square : 

+ 2 






(2.14) 

The one-loop difference is, by definition, the derivative of the renormalized one-loop effective 
Lagrangian, up to an 0{F'^) charge renormalization term: 




ren c 
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Thus, the two-loop difference ()2.12p can be written as 

,2 / ^ _ 



e" I d 
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dp d q 
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(g^ + m^) — m^] — 



0(F2 
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G(p)G(g) 



The first term on the RHS is the square of a one-loop term, analogous to the RHS of ()2.1)) . 
and moreover is finite in c? = 4. The second term is just the mass renormalization term. The 
remaining terms, discussed below, all vanish of course in the absence of a background field. 



So the first main observation of tliis paper is tliat tlie mass renormalization part of the two- 
loop effective Lagrangian can be separated out from the bare two-loop effective Lagrangian 
by a series of straightforward algebraic steps, with no need to evaluate any integrals. This is 
in dramatic contrast to direct evaluations using the explicit prop ertime integral representa- 



usmg tne explicit prop ertime 

Q, y, Q, y, HQ, E 



tions of the background field propagators [17|, ll8|, |25|, |26|, |27|, |28|, |29|, 30 1 where the mass 
renormalization is isolated through divergences of complicated double-integrals over the two 
proper-time parameters (one for each propagator). We also observe that this procedure of 
mass renormalization automatically identifies a term in the renormalized two-loop effective 
action which is the square of a one- loop term, the first term on the RHS of ()2.1(i|l . This 
generalizes the relation (|2.1|) for free propagators to the case of propagators in a background 
field. Next we turn to the remaining terms in (j2.16|) . 

After removing the mass renormalization term, a^^) ' only possible remaining 
divergence in the two-loop effective Lagrangian is associated with charge renormalization, 
which must arise in a term proportional to the bare Maxwell Lagrangian F^. Therefore, we 
can neglect the O(F^) term coming from (j2.15|l . and any O(F^) terms coming from the last 
integral in ()2.1(ij) : 



r 2 ^(^p2 _|_ j^2^ _|_ ^^2 _|_ ^2 
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G{p) G{q) 



(2.17) 



\ {p-qy \{p-qY ' d-3^ 

It is helpful to split this remainder into two pieces. Applying the Klein-Gordon equation 
(j2.7|) to the first part we obtain 
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/ d'^Pd'^(l [jP^ + "^') + (g' + ^^)] c{p)C{q) 



e^F F 



(27r)2rf (j9 - qf 

d'^pd'^q ( d"^ 



G{p)G{q) 



(2.18) 



\dp^,dpy {p - qY ^ 

The divergent part of pTR|l arises when the propagators inside the integral are replaced 
with free ones, in which case this term yields a term proportional to the Maxwell Lagrangian 



e^F F 

^ III/-'- I 



2( 4 - d) 
~d v!^ 



^ {d-A){d-2) 
2^4 d(5-d) 



(2.19) 



Thus, 
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e^F F 



^dp ^dq / Q 



(27r)2rf \dp^dp^{p- qY 



[G{p)G{q) - G,{p)G,{q)] 



(d-4)(d-2) 
d{h - d) 



(2.20) 



The first term is manifestly finite in d = 4, and is 0{F'^). 
The second part of the remainder term ()2.17|) 



+ 



d-2 



G{p)G{q) 



(2.21) 



{p — qY — 3 

vanishes when the propagators are replaced by free ones, by virtue of (j2.6|) . In fact, S2 is 
completely finite in d = 4, even with the background field propagators. To see this, we use 
the Klein-Gordon equation ()2.7j) to expand the full scalar propagator in a background field, 
as an expansion in powers of the field-strength tensor F and the free scalar propagator 
Goip) = l/(p2 + m2): 



G{p) = Goip) + ^^G,{p)F,^F,X^^ 
4 op^dpu 



+ 



6^\^ d 

Go{p) F^a Fua Fgi3 F^p 
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dp^dpu 



Goip) 



dpgdpa 
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Then using an integration-by-parts identity ()A2|) derived in the Appendix, we obtain: 

d'^pd'^q ( 92 1 
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G^(j>)Go(g) 
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(27r)2'i \dp^dpu{p-qy 
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dqgdqa 
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.^G{pl d'G{q) 
Go{p)^ — TT- Go{q)- 



dpadpv 



dqgdq^ 



Due to the isotropy of G'o(p), the first integral in ()2.23|) is proportional to 5^^. Because this 
integral is finite, we can set = 4 and use 

1 



□ 



A-K^d^p - q) 



Thus S2 becomes 



2 4 

me 



Q]+0(F^) 



(2.24) 



(2.25) 



By the renormalizability of scalar QED, the O(F^) must be finite, and this can be confirmed 
by simple power-counting arguments for the integrals appearing in ()2.23|) . 
We therefore find the finite renormalized two-loop effective Lagrangian as: 
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+e F F 



d'^pd'^q f d 



(27r)2"' \dp^dpy{p- qf 



[G{p)G{q) - G,{p)G,{q)] 



F,^F^^ F,,F„, J {p-qf) 



(2.26) 

Each term on the RHS is finite ind = 4, and the first term is the square of a one-loop object. 



III. SELF-DUAL BACKGROUND FIELD 



So far the discussion is vahd for a general constant background field strength Fn,^. In 







23l | it was shown that an even simpler expression than ()2.26|) is obtained if the background 
field is self-dual. As explained in 0, 23 1, the d- dimensional generalization of "self-dual" 
is the condition that F^^Fya = f'^^^iu- This dramatically simplifies the form of both Si in 
flT^ and S2 in ((21221) • For example, using ^TI^ we see that ^TI^ becomes 



47r2 



Si 




O 



+ 



e'P {d-A){d-2) 
2m^ (5 - d) 



+ 0{d-A) 



2 2 

Furthermore, for a self-dual field S2 and Si are connected by an algebraic identity: 

^1 



(3.1) 



(3.2) 



2 d-3 

The factor — 4 in front of Si in ()3.2|1 cancels the divergence in the second term of 
()3.1|) . and S2 becomes finite in = 4, and contains only integrals over free propagators. 

Therefore, the fully renormalized two-loop effective Lagrangian in a self-dual background 
in d = 4 can be written as 

^¥io-or-^ 





-o 



(3.3) 

2 2 

This is precisely the result found in j2^|23[, namely that the two-loop renormalized effective 
Lagrangian is written entirely in terms of one-loop objects, and that this result can be ob- 
tained without evaluating any integrals. We now see that this is a special case of the more 
general result (|2.26p . which shows similarly that the first term on the RHS, which is the 
square of a one-loop term, appears naturally as a result of the mass renormalization of the 
two-loop effective Lagrangian, and separates algebraically without doing any integrals. Fur- 
thermore, having separated the O(F^) charge renormalization terms, the expression ()2.26p 
is manifestly finite. 
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IV. CONCLUSIONS 



To conclude, we have developed algebraic "integration-by-parts" rules for vacuum dia- 
grams involving massive scalar propagators in constant background electromagnetic fields. 
This leads directly to a simple implementation of mass renormalization in the two-loop 
Heisenberg-Euler effective Lagrangian; this approach is much more direct than the mass 



renormalization identification in earlier work 



m 



m 



26 



^|28|,|2g|,|30|, and so is a 



promising candidate for extending the two-loop to one-loop relation to higher loops. This 
result generalizes the result ()3.3|) of ^ 22, [23, where it was shown that the renormalized 
two-loop effective Lagrangian contains two one-loop components: the first is the square of 
the one-loop trace of the propagator, and the second is the one-loop trace of the square of 
the propagator. This present paper shows that the first of these one-loop objects is generic. 



for any background field, whi. 



background considered in 



22 



e the second arises due to special properties of the self-dual 



23| . The background field integration- by-parts technique can 
clearly be generalized to spinor or supersymmetric propagators, and to nonabelian theories. 
Some related ideas using expansions of background field propagators in coordinate space to 
isolate divergences of diagrams were used in [s^l to compute the three-loop /^-function in 
Yang-Mills theory. 
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APPENDIX A: INTEGRATION BY PARTS 



In this Appendix we derive an identity that is used in analyzing the integral S2 defined 
in ()2.21|) . A generalization of ()2.6p can be derived in a similar way from an identity valid in 
dimensional regularization: 







(27r)2'^ % 



_{p-qy 



(Al) 



Here Gq{p) is a free scalar propagator raised to the n-th power, and F{q) is an arbitrary 
function, which could for example be taken equal to the background field scalar propagator 



G{q). The n-th power of Go{p) could arise, for example, in the perturbative expansion ()2.22|) 
of the background field propagator G{p). After applying the derivative with respect to 
we obtain: 







2d 



,G-{p)F{q) - 2ni 



G-'^\p)F{q) 



{p-qf {p-qf 

Using 2p ■ {p — q) = (p — q)"^ + {p^ + rn^) — {q'^ + m^), and the integral of Gq~^^, which can 
be expressed using the identity: 

1 2n-d 



o 



n+1 



2iv? 



n 



we obtain the result: 
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G-,{p)F{q) 



d-2-nJ {2nr {p-qf^'^'^^^G,{qf^'^'^ 

(A2) 



If we choose F{q) to be the k^"^ power of the free scalar propagator, GQ{q), the identity ()A2I 
becomes: 



2m^ 



n-l d-i 



d — 2 — n d — 3 



00 -^e («) 



k n k n k k-1 

For k = 1, the two-loop integral on the right-hand side vanishes. If also n = 1 the whole 
right-hand side turns to be zero and we recover ()2.(ij) . 
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